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Abstract 
Many neuron models exist, but usually the voltage is the central feature of those 
models. Recently interest in long-term potentiation (LTP) has surged, due to the 
fact that it is linked to learning. It has been shown that LTP is accompanied by 
an increase of the internal calcium concentration. Thus models with variable calcium 
concentration have been proposed. Since the calcium concentration is very low, this 
has a negligible effect on the membrane potential. In the present model all ion con-
centrations are variable due to ionic current and due to ion pumps. It is shown that 
this significantly increases the complexity of neural processing, and thus variable ion 
concentrations cannot be ignored in neurons with high firing frequency, or with very 
long depolarizations. 
1 Introduction 
Most physiological studies use the voltage at a neuron as an indicator of neural activity. In 
intracellular recordings the membrane potential is measured directly, and in extracellular 
recordings the presence of spikes is detected. Using these methods it has been possible 
to show that the postsynaptic activity due to a presynaptic signal can be enhanced using 
brief high frequency stimulation. This effect is called long-term potentiation (I:l'P), since 
it has been shown to persist for days. It is now commonly accepted that an initial stage 
of the induction of LTP is based on an increased calcium concentration in the postsynaptic 
region (Bliss & Collingridge, 1993). Thus several studies have now focussed on measuring 
the calcium concentration in neurons (Regehr & Tank, 1992). 
The concentration of ions is affected by ionic currents across the membrane. Two forces, 
which may oppose each other or cooperate lead to these ionic currents (Hille, 1992). On 
the one hand there is the concentration gradient between the concentration of an ion inside 
the membrane ([S]i) and outside the membrane ([S]o)· This force is ion specific. On the 
other hand, the concentration gradients of all ions together cause a voltage drop across the 
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membrane. The current density is for an ion S across the membrane is given by (Skinner, 
Ward, & Bardakjian, 1993): 
. p 2 EmF2 [S]i- [S]oexp(-zsFEm/RT) !s= szs--RT 1- exp(-zsFEm/RT) (1) 
where Em is the membrane voltage, Ps = gps, where g = 10-14 , is the permeability of 
the membrane to the ion S, F is Faraday's constant, R is the gas constant, and T is the 
temperature. The ionic current Is is then given by Is = isAm. By convention the ionic 
current flows against the potential gradient. 
The underlying reason for the membrane potential is the sum of all concentration gradi-
ents between the inside and the outside of the neuron. In steady state the Goldman equation 
gives a good approximation to the membrane voltage, provided that the concentrations are 
known: 
Em= RT in PK[J<+]o + PNa[Na+]o + Pcr[Cl-]i. 
F PI<[ I<+];+ PNa[Na+]i + Pcl[Cl-]o (2) 
Thus far many models have assumed that the ionic concentrations both inside and outside 
of the neuron are affected only marginally by ionic currents, and hence ionic concentrations 
have been assumed to be constant. While this may be true for concentrations outside of a 
neuron due to the big volume of the external region, and due to the lack of any compart-
mentalization of the exterior of neurons, it is not clear that this holds for ion concentration 
inside of neurons. In fact recently a number of models have been proposed to include the 
effect of changing [Ca2+]i, but these models only attempt to show that the concentration 
inside of a neuron can grow, thus explaining how LTP could be obtained (Gamble & Koch, 
1987; R.Holmes & Levy, 1990). The effect of the changes of ionic concentrations inside the 
neuron on the voltage has thus far not been studied. 
In this study it is addressed what the effect of variable ion concentrations is, and in how 
far the assumption of constancy of ion concentrations leads to deviations from these results. 
2 A model with variable concentrations 
A single synapse is modeled, specifically one postsynaptic compartment. The compartment 
is assumed to be homogeneous, and diffusion across the compartment is assumed to be 
instantaneous. The volume of the compartment is Vm- The area Am through which current 
flows is only the area abutting the synapse. In the present model four ion species have been 
included: Ca2+,cz-,J<+,Na+. The choice for these ions is based on the fact that all but 
Ca2+ are recognized as major contributors to the membrane voltage. Ca2+ was included for 
consistency with previous studies, and also to allow future investigations to address the effect 
of variable ion concentrations on LTP. To study the effect of variable ion concentrations a 
model was used that included two dynamic equations. The first dynamic equation expresses 
the voltage as a function of the total membrane current: 
dEm 
= dt (3) 
where Cm is the membrane capacitance and Im is the total membrane current, i.e. 
(4) 
A second dynamic equation governed the concentrations of each of the ions. That equation 
depends only on the ionic current I of ion species S, and on a pump that passively brings 
the ion concentration J{ = [S], back to its equilibrium value: 
dl{ Am 
- = £--(Io- I)+ 8(I<o- K) dt zFVm (5) 
where I0 is the ionic current of Sat rest, and K0 is the concentration of Sat rest. The factors 
E and 8 indicate at which rates the ionic current and the ion pumps respectively affect the 
concentration. These factors were chosen to avoid oscillatory behavior of the model. 
In simulations of the model initially the model was in steady state conditions, i.e. the 
there was no net membrane current, the voltage did not change, and nor did the concentra-
tions. To model synaptic activity the permeability of the membrane was changed. This was 
a step change, which is physiologically implausible. However, it was opted for step changes 
instead of a more dynamic change of permeabilities to simplify the ensuing dynamics. This 
proved essential to keep the focus on the effects of variable ion concentrations. 
3 Simulations 
The initial conditions were as shown in table 1. The parameters of the compartment were as 
follows: Am = 1ttm2 , Vm = 1ttm3 , Cm = 1ftF. The size of the compartment was chosen to be 
within a plausible range, but in the present study no efforts were undertaken to understand 
the precise effects of these parameters. The parameter c was set to 105, and the ion pump 
strength 8 was set to 0.01 for all ions, except for the Calcium pump, which was set to 10. 
This high value is necessary due to the very high concentration gradient. This choice ensured 
stable dynamics. 
IonS [S], (mmol) [S]o (mmol) resting Ps active Ps activation time 
CaH 10-4 1.5 1 10 10 
cz- 4.2 123 10 75 60 
J(+ 155 4 25 50 60 
Na+ 12 145 1 10 10 
Table 1: The initial ion concentrations. The resting permeabilities and the active perme-
abilities are also shown. Permeabilities are calculated by Ps = gps, where g = 10-14 . 
The standard units were F = 96480CjMol, R = 8.315VC/(I<Mol) and the temperature 
was T = 310K. In the simulations all the units were converted into MKS units. Integration 
was performed using a fourth order Runge-Kutta method, with a timestep of 0.1ms. 
In figure 1 the resulting voltage is shown when the permeability was activated for 20ms. 
It can be seen that the influence is marginal. In another set of simulations the permeabilities 
were activated for significantly longer periods of time (70ms). In this case the resulting trace 
is very different. Figure 2 shows the corresponding trace for voltage. 
Membrane Potential 
Variable IOOCOIICClltraUono 
20 
0 ----------------------------------
-80 
0 20 100 
Time(ms) 
200 
Figure 1: The membrane voltage as a function of time during brief permeability changes. 
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Figure 2: The membrane voltage as a function of time during long permeability changes. 
4 Conclusion 
The results of the simulations are very clear: small ionic currents have a negligible effect, 
while bigger ionic currents can have an important effect. The effect is stronger for inhibitory 
currents than for excitatory currents. Moreover, currents that last for a long time have strong 
effects, while brief currents do not. The influence of the currents is due to the interaction of 
two different time scales. A rapid timescale of currents and changes in voltage, and a slower 
timescale of changes in ionic concentrations. The relation between these two timescales 
is determined by the size of the postsynaptic volume, a factor that remains even if the big 
volume is subdivided into smaller compartments. Other constant contributing factors are the 
membrane area, the capacitance, and the pump strength to renormalize the concentrations. 
This study indicates that the current simplification to exclude variations in ion concen-
trations is valid in many contexts, but that it may have to be revised when firing is at 
high frequencies, or last for prolonged periods of time. The levels of complexity added be 
including ionic concentrations (Segev, 1992) may be offset by the fact that including ionic 
dynamics in the model enhances the repertoire of neural dynamics, and thus a simplification 
may be easier to achieve. 
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